A multi-axial homogenized energy model is developed to account for nonlinear and hysteretic ferroelectric constitutive behavior induced by multi-axial electric field loading. The modeling approach extends a one-dimensional multi-scale modeling framework developed for ferroic materials [1, 2] . A threedimensional energy function is introduced at the mesoscopic length scale and subsequently approximated as piecewise polynomial approximations to improve computational efficiency. Multi-scale field relations are then developed by introducing a distribution of effective electric fields and coercive fields that govern the nucleation of localized domain switching in polycrystalline ferroelectric materials. The distribution of field relations is used to relate the localized domain switching processes to observed macroscopic behavior by utilizing a stochastic homogenization technique. It is demonstrated that a simplified stochastic distribution of effective fields and coercive fields is sufficient to predict multi-axial ferroelectric switching in ferroelectric ceramics. Examples are given to validate the model in comparison to multi-axial loading experiments given in the literature. The model reduction provides a simple and efficient multi-scale modeling approach that is important for developing reliable piezoelectric actuator systems as well as implementation in modelbased control of two and three dimensional structures. * Address all correspondence to this author.
INTRODUCTION
Ferroelectric ceramics are used in a wide variety of applications such as sonar transducers, high speed micro-machining, nanopositioning stages, piezoelectric fuel injection and morphing aircraft control surfaces. These materials are characterized by electro-mechanical coupling which provides significant advantages in certain applications where large forces, fast response times and small displacements are desired. For example, in nanoscale positioning applications such as atomic force microscopes (AFM) and scanning tunneling microscopes (STM) piezoelectric actuators are used for precision positioning. Proportional-Integral-Derivative (PID) and robust control laws have been successful in minimizing positioning errors due to ferroelectric constitutive nonlinearities at low to moderate frequencies and field levels, however feedback laws used to mitigate hysteresis can limit performance at high frequency and high field levels since the control law must compensate for both nonlinear and hysteretic material behavior as well as the dynamic behavior. These issues have motivated the need for highly accurate and efficient nonlinear and hysteretic constitutive models that can be employed in actuator design development and model-based nonlinear control designs to improve performance characteristics.
A large number of phenomenological constitutive models have been developed which have provided good predictions of observed constitutive behavior under multi-axial loading. These models have primarily been developed at either the macroscopic or "micro" length-scale. One of the first three dimensional phenomenological models was developed by Chen [3] who repre-sented the ferroelectric material behavior using a set of electric dipoles that included both transient and instantaneous domain switching. Later macroscopic models based on electroelastic solids that contain electric hysteresis were introduced by Bassiouny and Maugin [4] and Bassiouny et al. [5] . Their work was based on continuum thermodynamics and the introduction of a single internal state variable-remanent polarization, to predict ferroelectric hysteresis. More recently, Landis [6] has developed a fully-coupled phenomenological multi-axial constitutive model using internal state variables and associated plastic flow rules and hardening behavior. This model has been utilized in a finite element model to provide insight on the fracture process in ferroelectric ceramics. Elhadrouz et.al. [7] has developed a similar approach that neglects hardening but analyzes rate dependence and applications of the dissipative potentials. Kamlah and Tsakmakis [8] have developed a phenomenological model for use in finite element modeling. Their model uses multiple criteria to ensure switching behavior and saturation are satisfied. Micromechanics based models have also been developed. For example, Huber et al. [9] employed a self-consistent analysis which utilized an ellipsoidal piezoelectric inclusion. The model was successful in predicting many of the observed phenomenon in ferroelectric polycrystals such as butterfly hysteresis loops and Bauschinger effects from electrical and mechanical loading. Similarly, Chen and Lynch [10] developed a microelectro-mechanical model, however the piezoelectric inclusion problem was approximated with interaction energies between the inclusion and surrounding matrix to improve computational efficiency. The effect of both tetragonal and rhombohedral phase ferroelectric ceramics was considered.
More recently, a multi-scale modeling approach has been considered to efficiently relate the nucleation and growth of localized domain switching processes to observed macroscopic material behavior using stochastic energy relations [1, 2] . This approach has focused on developing simple and efficient modeling techniques that reduce complexities associated with implementing internal state variables, hardening behavior or selfconsistent micromechanical formulations. This technique involves the construction of appropriate Helmholtz and Gibbs energy relations at the lattice length-scale together with stochastic distributions of effective fields to predict macroscopic material behavior. In the one-dimensional model, both rate dependence and thermal relaxation models have been considered and shown to provide good predictions of uniaxial loading in ferroelectric materials, ferromagnetic compounds, and shape memory alloys; see [2] for details. Moreover, this modeling approach yields physical parameters that can be fit to experimental results which facilitates model implementation. The modeling approach automatically includes reversible material behavior at low fields through the derivation of the energy relation. This distinguishes the model from Preisach techniques where it is difficult to incorporate known material physics or experimental results into the model [11, 12] .
The one-dimensional stochastic homogenization framework has provided an efficient technique for incorporating material physics at the lattice length scale into a reduced-order macroscopic model that can be used for materials development, actuator design and real-time control. For example, the onedimensional homogenized energy model has recently been implemented in a finite element based hybrid nonlinear control design to track a reference signal using a one-dimensional Terfenol-D rod operating in the nonlinear and hysteretic regime [13] as well as controlling plate structures with multiple Terfenol-D actuators [14] . However, the control of more complex structures such as articulated mirrors, embedded blade morphing structures, and nanopositioning piezoelectric tubes require multi-axial models that account for nonlinearities and hysteresis within a three dimensional framework.
To address this issue, a three-dimensional homogenized energy model is considered for ferroelectric switching under multiaxial electric field loading. In Section 2, the governing energy equations at the mesoscopic or domain length scale are first given. In Section 3, interactions between neighboring domains and grains are considered using a stochastic homogenization of effective fields and coercive fields. In Section 4, the model is implemented numerically and compared to experimental results given in the literature [15, 16] .
Mesoscopic Thermodynamic Relations
Thermodynamic relations at the mesoscopic length scale are given where the length scale is defined at the domain or lattice scale. The model is limited to isothermal, rate-independent processes that occur under quasi-static electrical loading and zero stress.
The Helmholtz energy can be represented in terms of the classic Landau-Devonsire energy function
(1) where the material parameters (χ i j , ζ i jkl , ζ i jklmn , · · · ) quantify the shape of the energy landscape as a function of polarization (P i ). Indicial notation is used where i=1 to 3. When the material is above the Curie temperature a single minimum exist at zero polarization. At temperatures below the Curie temperature, the material parameters change to create an energy landscape with multiple energy wells which represent higher order phases. Various forms of the Helmholtz energy have been proposed [17] [18] [19] [20] [21] [22] to account for second or first order phase transformations, material anisotropy and differences in energy barriers for switching between different energy wells from external loading. For example, in the tetragonal phase six minimum exist with equal magnitude of polarization which may undergo either 180 o or 90 o switching from electro-mechanical loading. In the present analysis, the material coefficients are restricted to values that give tetragonal crystal symmetry under isothermal conditions below the Curie temperature. This set of coefficients will form the basis for approximating the energy function using piecewise polynomials.
In the presence of an applied field, the Gibbs energy function is
and thus the global minimum for each domain structure is governed by the free energy and the direction of the field E i where i is again summed 1 to 3. Whereas the Landau-Devonshire phenomenological energy functional has been useful in analyzing ferroelectric crystal structures, obtaining material parameters at the lattice or single domain length scale poses several experimental and computational challenges. The energy function is highly sensitive to parameter values which can lead to unstable, non-physical behavior. Moreover, higher order polynomials can reduce computational efficiency and impede model implementation in finite element or finite difference approximations as well as real-time control applications. Therefore, piecewise quadratic approximations are introduced to represent the energy function. The approximate piecewise energy relation is
where P s is the magnitude of local spontaneous polarization, χ e is the electric susceptibility, ε 0 is the vacuum of free space, and P I is the positive inflection value. This gives rise to double-well potentials in three orthogonal directions. The approximate Helmholtz energy is then defined by
The resulting Gibbs energy is
which quantifies changes in the energy landscape under applied electric fields. Through minimization of (5),
the local field relations are obtained which determine the finite polarization in each "non-interacting" domain or lattice structure. This leads to an isotropic dielectric constitutive law at the mesoscopic length scale
where P s is the magnitude of spontaneous polarization and
is restricted to values between -1 and 1 and the additional relation,
In the following section, the total work applied to each local domain structure is quantified and compared to a local energy barrier to determine polarization switching that governs the evolution of δ i (E i , E c i ).
Local Switching Law
A switching law is developed to quantify the critical energy level required to switch local domain structures. In addition, the electric field is taken as the thermodynamic driving force used to determine the direction of switching. First, the total work required to switch a local domain is quantified. Second, in material regions that become active for switching, the electric field is employed to determine the direction of domain switching.
The amount of work required to switch the spontaneous polarization is defined using the total work ratė
whereΦ = dΦ/dt and similarlyṖ i = dP i /dt. Through substitution of (7) into (8) the work rate is given bẏ
Prior to switching, each domain is assumed to behave linearly; therefore the spontaneous polarization is assumed to be constant which requiresδ i (E i , E c i ) = 0. The total work required to switch a local domain structure is then
Material regions that become active for polarization switching are determined by comparing the total work applied to a coercive energy barrier, Ψ
i ) is updated to reduce the Gibbs energy. For the case of bulk ceramics considered here, it is assumed that domains can nucleate and grow into the direction of applied field. Thus, once the total work exceeds the energy barrier, the local variants δ i rotate to align with the applied field according to
Therefore the local variants are the unit normals in the direction of field. The variants
remains constant under changes in the external field.
The local switching behavior given here describes switching at the domain length scale, however, various inhomogeneities are known to contribute significantly to the switching behavior. Therefore, in the following section inhomogeneities are introduced using stochastic distributions of interaction and coercive fields to predict the macroscopic switching behavior.
Multi-scale Field Relations
In Section 2, the energy function was formulated at the mesoscopic length scale which neglects interactions from surrounding medium and inhomogeneities. Material inhomogeneities such as twinned domain walls, intergranular residual stress, and dopants can strongly influence the switching behavior. Therefore, following previous developments of stochastic distributions for material inhomogeneities for the one dimensional case [2] , a stochastic representation of field distributions and associated energy relations in three dimensions is developed here.
Density Distributions
A density distribution is proposed to represent various material inhomogeneities found in ferroelectric ceramics. The distribution is assumed to be a function of variations in the local field and the coercive field. The local effective field is assumed to be a function of the applied field E i and a stochastic distribution of the interaction field E I i governed by
This approach is similar to a previous one dimensional model [1, 2] , but the extension of the density distributions of interaction fields E I i and coercive fields E c i to three dimensions requires a careful assessment of how the interactions fields and coercive fields should be constructed to include each possible field combination defined by the density distribution. In general, local variations in the interaction field and coercive fields are highly coupled. For example, local residual stress may change the local field as well as the coercive field necessary to reorient a domain. In general, the distribution of interaction and coercive fields is represented by
where i is again summed from 1 to 3. This form of the density results in a large number of potential combinations of interaction fields and coercive fields and furthermore presents challenges in quantifying the density experimentally or computationally. For example, consider numerical implementation of a onedimensional model where a finite number, N, of interaction fields are discretized over a predefined distribution. Similarly, a finite number, M, of coercive fields are implemented to represent the distribution of coercive fields. This results in N × M combinations of interaction and coercive fields governing the switching behavior. In three dimensions, the number of combinations increases to a minimum of N 3 × M 3 which raises questions on efficient numerical implementation. Furthermore, only uniaxial polarization-field data is typically available which precludes parameter optimization of the full density representation. Thus in the present analysis, a simplified decoupled distribution of local interaction fields and coercive fields is implemented and fit to uniaxial experimental results to assess model predictions under multi-axial loading. The interaction fields are assumed to be normal distributions equivalent in all directions. Similarly, the coercive field distribution is assumed to be log-normal and equivalent in all directions. This reduces the functional form of the densities to the one dimensional model
where the field distributions are decoupled in each direction (no summation on i). The variable c E ensures integration to unity, b defines the variance on the normal interaction distribution, c defines the variance on the coercive field distribution and E c is the average coercive field.
The stochastic distributions of the interaction and coercive fields are implemented in the total work relation Φ(E e i ) and energy barrier Ψ(E c i ) discussed in Section 2.1 to quantify domain switching when material inhomogeneities are present.
Next the mesoscopic constitutive law and density distribution are employed using a homogenization technique to determine macroscopic constitutive behavior.
Macroscopic Constitutive Relations
The macroscopic polarization is determined by relating the local constitutive law (7) to the density distribution given by (14) . The macroscopic polarization is computed by decomposing the macroscopic linear dielectric behavior and the macroscopic remanent polarization (15) where P r i is the macroscopic remanent polarization and χ e i j is the macroscopic electric susceptibility. Stochastic homogenization is implemented to determine the remanent polarization and the electric susceptibility to be manifestations of the underlying distributions given by (14) and the local constitutive behavior in (7) . At the macroscopic length scale, evolution of anisotropy in the electric susceptibility is included in the model using the stochastic homogenization technique.
The remanent polarization is governed by the stochastic homogenization relation where only the nonlinear component of (7) is included
where ξ i is the initial set of local polarization variants. The value of δ i (E e i , E c i , ξ i ) includes switching in three dimensions and may range in value between -1 and 1. This function is now governed by the stochastic distribution of effective fields and coercive fields. Additionally, the direction of switching is determined by substituting the effective fields for the applied fields in (11) .
The anisotropy in the electric susceptibility tensor is retained at the macroscopic length scale by employing the stochastic homogenization technique. In (3), anisotropy in the electric susceptibility is neglected when approximating the mesoscopic energy function, however for tetragonal crystal structures the electric susceptibility is different in the direction of spontaneous polarization. Therefore, anisotropy in the electric susceptibility tensor is retained through the homogenization technique and defined as a superposition of the isotropic electric susceptibility χ e and an anisotropic component ∆χ e i j
The anisotropic component is determined by defining
and
where δ i j is the Kronecker delta. The effect of anisotropy orthogonal to the spontaneous polarization direction is given by ∆χ e ⊥ whereas ∆χ e || represents the anisotropic contribution in the direction of spontaneous polarization.
This provides a modeling framework for predicting macroscopic ferroelectric switching behavior based on approximate mesoscopic energy relations which leads to efficient numerical implementation. Details describing the numerical implementation technique are given in the following section.
Numerical Implementation
As detailed in [2] , the implementation of (16) and (18) requires approximation of the integrals. This can be done by implementing Gauss quadrature routines over infinite or semi-infinite domains. The model can be discretized in the following form
where E e i(K) and E c i(L) denote the abscissas associated with the quadrature formula and r K and w L are the respective weights.
The evolution of anisotropy governed by (18) has a similar representation. The numerical analysis given here utilizes a four point quadrature rule.
The discretization of the interaction and coercive fields also requires a finite set of variants
). The set of variants for each direction (i = 1 to 3) is written in matrix form as [δ i ] KL = ∆ i with dimension N K ×N L for i = 1 to 3. During load increments the total work applied to the material is compared to the coercive energy barrier to identify regions active for switching. Switching of each variant is updated using the following matrix relations
where ϒ and ϒ have dimension N K × N L . This is used to define regions active ϒ = 1, ϒ = 0 or inactive ϒ = 1, ϒ = 0 for switching. The matrix of variants is updated during each load increment according to
where
are the values of polarization variants on the previous load step and [δ sw i ] KL = ∆ sw i are the updated values in regions active for switching. Again, the relation
holds for each matrix component (K, L) so that the magnitude of spontaneous polarization is constant. This restricts the local spontaneous polarization to rotate to align with the applied field according to (11) but the magnitude is constant on the local length scale. Furthermore, the maximum macroscopic polarization is restricted by an upper bound (P s ) through application of the appropriate density distribution.
Simulation Results
To illustrate model predictions, ceramic material behavior is considered and compared to data on PLZT and PZT-5H given in Table 1 . Parameters used in the simulations.
PLZT (Figure 1) PZT-5H (Figure 2 )
the literature. In these simulations the stress is zero and electric displacement is computed using D i = κ im E m + P r i where κ im = (1 + χ e i j )ε 0 is the dielectric permittivity. Since data is limited on the anisotropic dielectric permittivity for the present case, an isotropic permittivity value of κ = 4000ε 0 is used in the simulations.
First the model is validated on bipolar field experiments conducted on PLZT [15] . The material parameters used to fit to experimental results are given in Table 1 . A reasonable estimation of electric displacement is predicted by the model under uniaxial electric field loading.
Next the model is compared to multi-axial electric field loading experiments [16] . In these experiments, ferroelectric ceramic PZT-5H specimens were poled and then cut at an angle such that the remanent polarization was at an angle relative to the electroded surfaces. The angle ranged from 180 o (anti-parallel to the applied field) to 45 o relative to the applied field. In these simulations, the homogenized energy model was fit to the uniaxial data set where the applied field was anti-parallel to the poling direction. These parameters were held fixed and predictions on the electric displacement are made for fields at other angles. Reasonable predictions are made, however a certain level of overestimation is predicted at intermediate angles of 135 o and 90 o .
Discussion
The homogenized free energy model has provided a reasonable modeling approach to predict ferroelectric switching under multi-axial electric field loading in ferroelectric ceramics. By implementing certain approximations at the mesoscopic length scale, simple constitutive laws are constructed at the local length scale to predict polarization switching behavior. The introduction of density distributions of effective fields and coercive fields provides an efficient method for introducing various material inhomogeneities within the total work applied Φ(E e i ) to the material and the coercive energy barrier Ψ(E c i ). By adopting a simplified density distribution for each orthogonal direction, multiaxial polarization-field behavior is reasonably predicted using a total of six material parameters. Additionally, the stochastic homogenization framework provides a method to incorporate evolution of material anisotropy at the macroscopic length scale. field experiments on PLZT [15] . The field is applied in the x 3 and the electric displacement is given in the loading direction. The electric displacement in an orthogonal direction is also shown to illustrate consistency with the variant reorientation under bipolar fields.
The present model has focused on multi-axial loading from electric fields. Ferroelectrics are strongly coupled to mechan- ical loading where domain reorientation from large stress can lead to nonlinear, hysteretic behavior. Material mechanisms associated with mechanical energy must be incorporated into the mesoscopic energy relations, local switching model and density distributions to achieve improved model predictions in actuator systems and control designs. This work is currently under development.
Concluding Remarks
A three dimensional homogenized energy model is developed to account for ferroelectric switching under electrical loading. This extends previous developments of one dimensional modeling by utilizing certain approximations to ensure reasonable computational efficiency is achieve while retaining acceptable accuracy. Preliminary comparisons of the three dimensional homogenized energy model to a sixth order free energy two dimensional model based on (1) have shown three orders of magnitude increase in computational speed. This was validated using MATLAB's unconstrained optimization routine on the sixth order free energy function using 40 Gauss points. This aspect of the model is critical for implementation in real-time control of two and three dimensional structures. Additionally, while this work has focused on ferroelectric materials, the unified modeling framework as pointed out in [1] can potentially be extended to ferromagnetic materials and shape memory alloys.
